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Thin liquid films stabilized by surjfactants above the critical micelle concentration 
exhibit stratification or stepwise dynamic thinning. A continuum hydrodynamic model is 
outlined for stepwise film thinning that incorporates equilibrium micellar structuring 
through self-consistent oscillato y disjoining pressures and effective viscosities. Effective 
viscosities as functions of thickness are evaluated with an extension of the local average 
density model, considering dilute colloidal suspension shear viscosities and solvent ef- 
fects. To establish local shear viscosities, structured DFT micellar profiles, coarse-grained 
densities, and disjoining pressure are used. Ionic micelles and other colloidal systems 
with repulsive interactions show structured effective viscosities that are generally less 
than the corresponding homogeneous solution shear viscosity, bounded by the pure sol- 
vent viscosity and that of the bulk micellar solution. For 0.1 and 0.244 sodium dodecyl- 
sulfate micellar solutions, the effective viscosities are less than 5 and lo%, respectively, 
below the homogeneous jluid viscosi&, except at small thicknesses, indicating that the 
micellar film thins faster than a pure water film of the same thickness. 

Calculated thinning curves closely resemble experimental observations in the stepwise 
thinning behavior, displaying decreasing slopes and increased step durations at later 
times. Despite the micellar structuring within the film, the ionic micelles do not con- 
tribute appreciably to the viscous resistance of the thinning film. Rather, Reynolds 'film 
thinning is obeyed, with the equilibrium oscillatory disjoining pressures driving the step- 
wise dynamics. The shear viscosity of the ionic micellar film is well approximated by 
that of the bulk solution. 

Introduction 
The static and dynamic behavior of confined charged col- 

loidal fluids has received considerable attention of late. These 
fluids exhibit ordering characteristics, both in bulk and in 
confined geometries, similar to hard sphere fluids, but at very 
dilute concentrations and over significantly larger length 
scales due to long-range electrostatic interparticle forces. 
Very recently equilibrium measurements have appeared for 
disjoining pressures or interaction forces in foam and pseu- 
doemulsion films of aqueous, ionic micellar solutions (i.e., 
surfactant solutions above the critical micelle concentration) 
(Bergeron and Radke, 1992; Bergeron, 1993; Bergeron and 
Radke, 19951, and for interaction potential energies in ionic 
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micellar films confined by solid-supported bilayers (Richetti 
and Kkkicheff, 1992). The measured forces between the in- 
terfaces as a function of separation distance are oscillatory 
with the degree of oscillation depending on the bulk colloid 
volume fraction and electrolyte concentration. 

In analogous dynamic experiments (Nikolov and Wasan, 
1989; Nikolov et al., 1990; Bergeron et al., 1992; Bergeron 
and Radke, 1992; Sonin and Langevin, 1993; Bergeron and 
Radke, 1995; Krichevksy and Stavans, 1995), micellar films 
show pronounced stepwise thinning or stratification, where 
the step size is comparable with the characteristic distan'ce of 
the equilibrium-force oscillations. Visual inspection of single 
horizontal and vertical films at surfactant (and salt) concen- 
trations above the critical micelle concentration (CMC) shows 
that as the films thin beyond the range of interference clolors 
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(below - 500 nm), progressively darker spots (lighter spots in 
pseudoemulsion films) of reduced thickness form in the film 
and expand to engulf it, as has been observed since the work 
of Johonott (1899) and Perrin (1918) at the turn of the cen- 
tury. The stratification of the film is further evidenced by 
nonmonotonic, discrete changes in the film thickness during 
thinning. At each step of the thinning, expulsion of a fluid 
layer is initiated by the formation and subsequent expansion 
or sheeting of a “hole,”a reduced thickness region in the film 
(Bergeron and Radke, 1992; Sonin and Langevin, 1993). 
Hole-sheeting and stratification models have to date approxi- 
mated the micellar film viscosity with that of the aqueous 
solution. 

Nikolov and coworkers (1989, 1990) were the first to study 
extensively stepwise thinning in micellar films. They observed 
the number of steps to increase and the step distance to de- 
crease at higher surfactant concentrations. Added electrolyte 
substantially suppressed the stepwise thinning behavior. 
Longer chain length surfactants resulted in more steps for 
the same amphiphile concentration, with little change in the 
stepsize. Stratification was also observed in foam films of la- 
tex and silica particles (Nikolov and Wasan, 1989; Nikolov 
and Wasan, 1992; Wasan et al., 1992). 

Figure 1 displays data of Bergeron and Radke (1992) for 
the stepwise thinning of a 0.1-M sodium dodecylsulfate (SDS) 
foam film in a modified Mysels-Exerowa cell (Mysels and 
Jones, 1966; Exerowa et al., 1987) at constant capillary-suc- 
tion pressure. The capillary pressure, P,, the difference be- 
tween the bulk external (gas) and internal (liquid) pressures, 
acts to thin the film, whereas the repulsive disjoining pres- 
sure, n, acts to stabilize the film. Transient film thicknesses 
are recorded interferometrically by continuously monitoring 
the intensity of reflected monochromatic light. As the film 
thins, pronounced steps are seen. Slopes of the ledges be- 
tween the steps decrease, and their extents increase in time. 
Finally, a metastable equilibrium thickness is achieved at ap- 
proximately 25 nm in Figure 1 where the disjoining and capil- 
lary pressures balance, at 65 Pa. 

Bergeron and Radke (1992) established that the equilib- 
rium disjoining pressure isotherm for 0.1-M SDS is oscilla- 
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Dynamic thinning of an 0.1-M SDS foam film, 
Bergeron et al. (1992). 
The slopes of the four step intervals (regions with data 
points) decrease at later times. Likewise step intervals in- 
crease in duration as thinning progresses. 

tory for film thicknesses less than 50 nm, with increasingly 
larger force oscillations as the film thickness is reduced. They 
offer an explanation of the observed nonmonotonic thinning 
kinetics in terms of the classic Stefan-Reynolds drainage 
equation for circular, plane-parallel films (Stefan, 1874; 
Reynolds, 1886): 

dh 2h3 [ P, - II(h)l 
5 (1) _ = - -  

dt 37rR2 17 

where h and R are the film thickness and radius, respec- 
tively, t is time, and 7 is the Newtonian viscosity of the liq- 
uid. As the film thins along a repulsive branch (II > 0) to a 
local maximum of the disjoining pressure isotherm, the driv- 
ing force for thinning, P, - II, diminishes. This causes the 
slow rates of drainage along the step intervals in Figure 1. 
Further thinning beyond the local disjoining pressure maxi- 
mum exposes the film to a region of the disjoining pressure 
isotherm of positive slope. Such regions in which dII /dh > 0 
are well known to be thermodynamically unstable (Vrij, 1966). 
Hence, the film suffers an instability, coined “hole-sheeting” 
(Bergeron et al., 1992), and thins catastrophically to the next 
stable branch of the disjoining pressure isotherm where, 
again, P, - II diminishes and another step plateau, of longer 
duration, appears in the thinning curve. Eventually, a large 
enough stable branch of the disjoining pressure isotherm bal- 
ances the capillary suction pressure, as in the figure, or the 
film ruptures. Bergeron and Radke (1992) quantitatively re- 
produce the thinning dynamics in Figure 1 using the mea- 
sured disjoining pressures and Eq. l with the film viscosity 
taken as that of the bulk micellar solution in the film Plateau 
border. Likewise, Bergeron et al. (1992) successfully model 
the hole-sheeting instability, including the experimentally ob- 
served rim circumscribing the expanding hole, using the ho- 
mogeneous bulk viscosity of the micellar solution. Neverthe- 
less, the measured oscillatory disjoining pressures argue for 
significant equilibrium structuring of surfactant aggregates 
within micellar films. Thus, it is not clear that a bulk shear 
viscosity is appropriate for micellar films undergoing strati- 
fied drainage. Here we present a self-consistent calculation 
of the effective viscosity of such thinning micellar films. 

Recently, we proposed a density functional model (Laso, 
1993; Pollard and Radke, 1994) to predict oscillatory disjoin- 
ing pressures from calculated equilibrium inhomogeneous 
micelle distributions in thin liquid films. The model treats the 
micelles as large macromolecules that pack and order be- 
tween rigid film interfaces in much the same manner as con- 
fined molecular fluids. Given specific forms for the isotropic 
micelle interparticle potentials and the external field from 
the charged film interfaces, the resulting calculated micelle 
density profiles and corresponding disjoining pressures are 
oscillatory, with the micelle-micelle electrostatic interactions 
determining the magnitude and distance scaling of the oscil- 
lations. Comparison to the experiments of Bergeron and 
Radke (1992) and Bergeron (1993) demonstrates that the 
model indeed captures all the qualitative features of the data, 
including the effects of varying surfactant type and concen- 
tration, and added salt. In this article, we incorporate these 
inhomogeneous micellar profiles into a self-consistent contin- 
uum hydrodynamic framework and thereby evaluate effective 
viscosities for draining micellar films. 
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To evaluate the micellar film effective viscosity we extend 
the local average density model (LADM) of Bitsanis et al. 
(1987, 1988) for confined molecular fluids. LADM applied to 
colloid films establishes the local shear viscosity of the micel- 
lar suspension in the film that is subsequently inserted into 
the squeeze-flow hydrodynamic equations for film thinning. 
Combining these two descriptions reveals the effective viscos- 
ity as a function of film thickness. 

Density-Functional Micellar Film Model 
The fluid between the liquid film interfaces is composed of 

spherical monodisperse charged micelles of diameter d in a 
background dielectric continuum of water, surfactant 
monomer at the CMC, and dissociated counterions from mi- 
celles and monomers, as depicted in Figure 2. We consider 
inhomogeneities only in the x-direction, normal to the film 
interfaces; the fluid is treated as isotropic over planes paral- 
lel to the interfaces. Micelles interact via radially symmetric 
pair potentials, screened by the other ions, and are in chemi- 
cal equilibrium with micelles in the contiguous bulk solution. 
We represent the adsorbed layer of surfactant at each inter- 
face as a rigid, uniformly charged wall of a prescribed surface 
charge density. The micelle-wall interaction is of a colloidal 
sphere-plate type, also screened by the electrolyte back- 
ground. 

Our density-functional theory (DFT) relies on expressing 
the grand potential of the film as a functional of the micelle 
distribution through the film. Equilibrium requires the grand 
potential to be minimized, yielding the governing equation 
for the micelle profile through a film of thickness h (Pollard 
and Radke, 1994); 

Here prni,,,,(x) is the number density of micelles at position x 
normal to the film interfaces located at x = 0 and x = h. To 
evaluate the micellar disjoining pressure and the film effec- 
tive viscosity we seek this distribution function. Also, p is the 

Figure 2. Micellar film section. 
The model represents the film interfaces as charged walls 
separated by distance h,  the micelles as charged spheres of 
diameter d, and dissociated ions as a screening electrolyte 
continuum background. 

uniform chemical potential of micelles relative to the stan- 
dard state, f , ,  is the local hard sphere excess free energy, k is 
Boltzmann'sconstant, T is temperature, and p:ic,N is the bulk 
number density of micelles in the contiguous solution, with 
which the micelles in the film are in equilibrium. The main 
inputs to the model are the micelle pair potential UGz.mic,x 
and the micelle-interface external potential U""'. Smoothed 
number densities pmicJx) are calculated with the nonlocal 
Tarazona model (Tarazona, 19851, shown previously to be ac- 
curate for hard sphere and Lennard-Jones fluids (Vander- 
lick et al., 1989). 

The disjoining pressure, II (Derjaguin and Landau, 1941), 
is the total excess normal stress in a film, describing the net 
interaction between the film interfaces through the interven- 
ing fluid. The disjoining pressure corresponding to the mi- 
celle distributions is expressed as 

(3) 

where the first term on the right side is the classic, contin- 
uum, wall-wall DLVO interaction (Derjaguin and Landau, 
1941; Overbeek, 19-52], comprised of the sum of electrostatic 
repulsion and van der Waals attraction between the inter- 
faces. The second and third terms represent the osmotic mi- 
celle contribution to the disjoining pressure nmv. Since strat- 
ification typically occurs beyond the thickness range of 
IlDLv0, we only consider nmlc in what follows. Pmlcbulk IS the 
osmotic pressure of the micelles in the contiguous bulk solu- 
tion of the film plateau border. Details on the approxima- 
tions involved in these equations and solution methods are 
provided elsewhere (Laso, 1993). 

Resulting density profiles show structuring of the micelles 
into diffuse layers whose separation is characterized by the 
decay length of the potentials. This characteristic length is 
the micelle diameter d plus its Debye atmosphere 2 (1 /~ ) ,  K 

being the inverse Debye length. A typical calculated micelle 
profile through a symmetric foam film of thickness h/d  = 10 
is displayed in Figure 3, showing five micellar layers. The mi- 
celle pair potential parameters are chosen to represent a 0.1- 
M SDS solution without added salt; screened-Coulomb 
Yukawa-type potentials were used to generate the profile. A 
moderately low charge density of a,,, = - 0.5 pC/cm2 scales 
the external potential experienced by the micelles from the 
interfaces. For this SDS concentration, the bulk micelle num- 
ber density is 0.0874/d3 corresponding to a volume fraction 
of Q, = 4.6%, given by the solid line in Figure 3. The Tara- 
zona smoothed density for the evaluation of the excess free 
energy is shown by the dotted line in Figure 3. 

Although the micelles form layers whose density can ex- 
ceed twice the corresponding bulk density, shown as a solid 
horizontal line in Figure 3, the electrostatic repulsion be- 
tween the micelles and between the micelles and the inter- 
faces causes the average micelle density in the film to fall 
below that in the bulk. The average micelle number density, 
( ~ , , , , ~ , ~ ( x ; h ) ) ,  as a function of film thickness is depicted in 
Figure 4. Note that ( prnlc,N(~; h ) )  exhibits a general decreas- 
ing trend, as the thickness is reduced until at h/d - 2 all the 
micelles are expelled from the film. This behavior is typical 
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Figure 3. Calculated micelle number density distribu- 
tion for 0.1-M SDS film of thickness h/d = 10. 

of confined electrostatically stabilized colloids repelled by the 
interfaces. Confined systems of hard spheres and Lennard- 
Jones particles show starkly different behavior, with the aver- 
age density oscillating about the corresponding bulk value 
(Bitsanis et al., 1988). 

Micellar profiles at a series of thicknesses are required to 
construct the micellar portion of the disjoining pressure 
isotherm, given in Figure 5 .  In this 0.1 M-SDS case, the 
DLVO disjoining pressure term only contributes for h/d < 2 
and has not been added. The micellar isotherm shows four 
branches, where a branch denotes a thermodynamically 
metastable thickness regime with negative slope in n. The 
distance between the branches scales with the effective mi- 
celle diameter, as the profiles do. Note that the calculated 
profiles also show unstable regions that cannot be captured 
experimentally. Further, the calculated disjoining pressures 
predict the correct trends with increasing surfactant and elec- 
trolyte concentrations, but the magnitudes of predicted pres- 
sures are high for liquid-gas interfaces (Bergeron and Radke, 
1992). Disjoining pressure values are comparable, though, 
with those measured for cetyltrimethylammonium bromide 
(CTAB) micelles in the surface forces apparatus (SFA) 
(Richetti and Kkkicheff, 1992). Quantitative agreement with 
the SFA data, which more closely matches our model as- 
sumptions, supports the spherical, monodisperse micelle pic- 
ture of the confined fluid, while highlighting the need for a 
more accurate description of foam-film interfaces. 

We use the same DFT Tarazona smoothed densities to 
evaluate the local shear viscosity, although we realize that the 
hydrodynamic interactions need not have the same range as 
the excluded volume interactions described by the Tarazona 
model. Bitsanis et al. (1988) suggest an average about a sphere 
centered at r of radius equal to the particle diameter for the 
smoothed density. Comparison of these two smoothing recipes 
for the local viscosity is given in the Results section. 

Local Average Density Model 
Following Bitsanis et al. (1987, 19881, we express position- 

dependent viscosities in micellar films in terms of the viscosi- 

0.08 L Po 

0.02 1 I Kd = 2.34 
ant = - 0.5 pUcmz 

CJ = 0.046 

0 
0 2 4 6 8 10 

h / d  
Figure 4. Calculated average micelle number density for 

0.1-M SDS film as a function of film thickness. 
The same parameters as in Figure 3 apply. 

ties of a hypothetical isotropic fluid at specific values of the 
smoothed density: 

where q(r)  is the local shear viscosity, and vh( p )  is the vis- 
cosity of the corresponding homogeneous fluid at constant 
density p. Thus, at a particular location in the inhomoge- 
neous fluid, the local viscosity is obtained by first computing 
a weighted average of the varying density about this point 
and then inputting this smoothed density into an equation 
that relates the viscosity of an isotropic fluid to the fluid den- 
sity. This local viscosity, when incorporated into the appro- 
priate differential momentum balances, results in an effective 
viscosity 7j-eff for the entire film as a function of film thickness 
h. Since it depends on the flow geometry and boundary con- 
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h i d  
Figure 5. Calculated micellar disjoining pressure iso- 

therm for 0.1-M SDS film as a function of film 
thickness. 
nmic exhibits four metastable branches. The same parame - 
ters as in Figure 3 were used. 
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ditions, in addition to structuring of the fluid, qeff is not a 
material property. 

Two additional and substantial premises underlie LADM. 
The first is that the hydrodynamic stresses produced in the 
system are related to the corresponding velocity gradients 
through Newtonian constitutive relations, where the propor- 
tionality factor is the local shear viscosity, ~ ( r ) ,  just intro- 
duced. The second premise is that during drainage, local 
thermodynamic equilibrium is maintained in the film. That is, 
drainage flow does not distort the equilibrium micelle density 
distributions. Ample discussion of the necessity and justifica- 
tion of these premises for a tractable model is presented by 
Bitsanis et al. (1988) for noncontinuum molecular fluids. 

Film-Drainage Squeeze-Flow Analysis for Effective 
Viscosities 

Visual inspection of soap films in reflected light indicates 
that films first dimple during drainage (Ivanov and Dimitrov, 
1988). Later during drainage and with careful control, how- 
ever, stable films thin in a plane-parallel manner. We pre- 
sume plane-parallel thinning in all that follows, with the in- 
terfaces rigidified by the adsorption of surfactant, rendering 
them tangentially immobile. In the model, fluid is squeezed 
out radially from between two parallel, circular disks whose 
separation at time t is h(t). The plates or film interfaces are 
represented by no-slip boundary conditions; the upper inter- 
face moves at velocity dh/dt toward the lower one located at 
x = 0. For the thin liquid films of interest, Reynolds' numbers 
are very low 0(10-"), permitting use of the creeping-flow 
limit of the Navier-Stokes equations. This condition also jus- 
tifies the pseudo-steady-state assumption that the flow at any 
time t can be treated as steady and that the equilibrium dis- 
tribution of micelles in the film is not distorted by drainage. 

In the inhomogeneous analysis applied to micellar films, 
position-dependent densities and corresponding variable vis- 
cosities are incorporated into the mass and momentum bal- 
ances, respectively. Here we summarize the salient features 
of the micellar analysis before proceeding to the results of 
Bitsanis et al. (1988) for the squeeze-flow effective viscosity. 
First note that the mass density appearing in the continuity 
and Navier-Stokes equations is the total mass density, in- 
cluding both micelles and solvent: 

where p ( x , t ; h )  is the total mass density, pmic = (Mwmic/ 
N,)P,,,,,,~ is the micelle mass density, and pH,O is the aque- 
ous solvent mass density, all local. Mw,,, is the micelle 
molecular weight, and NA is Avogadro's number. We also 
presume that there is no change in volume upon mixing the 
micelles and water. This assumption allows us to write the 
total mass density as 

where Gmic and GHZO are the constant micelle- and water 
phase-specific volumes. The micelle-specific volume can be 

estimated by assuming a closest-packed BCC configuration of 
the spherical micelles: 

(7) 

For typical SDS micelles we calculate a specific volume of 
2.54 X m3/kg. Other methods of estimating G,,, do not 
appreciably alter the results. 

Because film drainage is slow, we assume that the arrange- 
ment of the micellar fluid in the film for a given h( t )  is that 
at equilibrium. Thus, we employ our DFT-calculated equilib- 
rium micellar profiles P , , , , ~ ( x ;  h )  for p m l c , N ( ~ ,  t ;  h)  in Eq. 6. 
Note that as GmIc for SDS micelles is greater than DH1O, Eq. 6 
shows that positions in the film with relatively high micelle 
number densities actually have reduced total mass densities. 
Regions with no micelles, near the interfaces, thus have the 
highest p(x ;  h),  equal to the density of bulk water. Re€erring 
to Figure 3, the total mass density distribution through the 
film resembles an upside-down micelle profile: peaks in the 
micelle profile denote minima in p ( x ;  h), whereas troughs in 
the micelle distribution denote local maxima in p ( x ;  h). Con- 
versely, if colloidal particles denser than the solvent ( Gml, < 

are considered, then regions of high particle density 
increase the corresponding total mass density. Both cases are 
explored in the Results section. The total mass density is in- 
corporated into the continuity equation, with the quasi- 
steady-state approximation, and no-slip boundary and sym- 
metry conditions. 

The hydrodynamic stresses in the momentum balances are 
related to the velocity and viscosity profiles through Newto- 
nian constitutive relations, which in turn demand expressions 
for the shear viscosity, T ~ ,  of homogeneous colloidal fluids. 
These usually take the form of power series in the particle 
volume fraction @ (Batchelor and Green, 1972; Russel, 1980; 
Shenvood, 1980). The series coefficients are functions of par- 
ticle size, the static double-layer characteristics about the 
particles, the surface charge or potential on the particles, and 
particle polarizabilities. The simplest form of the shear vis- 
cosity is the Stokes-Einstein relation (Einstein, 19561, ob- 
tained by truncating terms higher than first order in the se- 
ries. This equation is accurate for dilute hard-sphere suspen- 
sions. It becomes progressively worse for volume fractions 
approaching the fluid-solid phase transition (@ - 0.5fi). Be- 
cause the micellar fluids of interest represent micelle volume 
fractions of 5% to lo%, even locally in the film, we use the 
Stokes-Einstein relation: 

where 77' is the solvent viscosity. This relation, in conjunction 
with the DFT coarse-grained number densities prnic,N(x), de- 
termines the local viscosity (profiles) that relate the Newto- 
nian stresses to the velocity profiles through the film. 

Integration of the momentum balances yields an expres- 
sion for the hydrodynamic pressure. Comparison with the 
corresponding relation for the pressure in the homogtmeous 

- 
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case allows definition of an equivalent or effective viscosity 
for an inhomogeneous colloidal fluid undergoing squeeze flow 
between parallel disks (Bitsanis et al., 1988): 

where ( p(x; h) )  is the average total density through the film 
of thickness h. Recall that p ( x )  is the total mass density, 
including micelles and solvent, given by Eq. 5,  and that q(x) 
is the local viscosity, given by Eq. 8, which depends on the 
micellar profiles calculated with density functional theory. 
Equation 9 applies to any confined particulate system, with 
or without a suspending solvent, that satisfies the LADM as- 
sumptions (Laso, 1993). In the limiting case of no micelles in 
the film, p(x; h )  = pHZO = 1/DHzO, allowing analytic solution 
of Eq. 9, which yields the desired result that qef f (h)  = qo. In 
inhomogeneous systems, the derivative term in the numera- 
tor of Eq. 9 plays a key role. Recall in Figure 4 for 0.1-M 
SDS, the average number density of micelles, ( P , , , ~ ~ , ~ ( X ;  h) ) ,  
is an increasing function of thickness. Thus, the average mass 
density in the film, ( p ( x ;  h)) ,  is a decreasing function, the 
derivative being negative. Systems with other interparticle in- 
teractions or different D,,, can have positive derivatives and 
correspondingly different behavior. By integrating the stress 
over the upper disk surface to yield the force on the moving 
plate, we obtain formally the inhomogeneous analogue of the 
Stefan-Reynolds' thinning equation (Stefan, 1874; Reynolds, 
1886): 

where both the effective viscosity and the disjoining pressure 
rely on the equilibrium micellar distributions through thc film. 
Details of the calculation are available elsewhere (Laso, 1993). 

Effective Viscosities and Thinning Curves 
The solid line in Figure 6 shows the calculated effective 

viscosity as a function of film thickness corresponding to the 
rnicelle profile and disjoining prcssure displayed in Figures 3 
and 5, respectively. For this case, the homogeneous micellar 
fluid viscosity q,, ( piic, N) from the Stokes-Einstein relation 
is 1.11 qo, using Eq. 8 evaluated at the bulk micelle number 
density. The dash-dot line corresponds to an average viscosity 
of the film, qav(h) = q(( pmic ,N(~ ;  h)) ) ,  calculated using the 
Stokes-Einstein relation in Eq. 8, but evaluated at the aver- 
age micelle density for a given film thickness presented in 
Figure 4. Note first that both qef f (h)  and qav(h) are always 
less than q( P : ~ , , ~ ) ,  differing by less than 10% from the bulk 
micellar solution shear viscosity for all h,  but approaching 
this homogeneous value at larger film thicknesses. Addition- 
ally, qef f (h)  is always less than qav(h), and qef f (h)  shows more 
structure, particularly for thinner films. As the film thins, the 
effective viscosity follows a decreasing trend, reaching the 
limiting value of qo when all micelles have been completely 
expelled from the film at h/d < 2. Because the aqueous sol- 

vent is treated as a continuum, we do not gain any informa- 
tion about the effective viscosity in very thin, Newton black 
films where the hydrodynamic analysis may break down. 

These general characteristics of micellar film effective vis- 
cosities can be explained by considering the behavior of the 
underlying micelle distributions, the relative densities of rni- 
celles and solvent, and the squeeze-flow velocity profiles. As 
expressed in Eq. 9, the effective viscosity is an averaged 
quantity depending strongly on the corresponding average 
micelle density and not on the details of the structured pro- 
files. From Figure 4, the average micelle number density de- 
creases as the film thins due to the electrostatic repulsions 
between the micelles, and ( P , , , , , , ~ ( x ;  h ) )  is always less than 
the bulk density for the conditions chosen. This yields the 
surprising result that the effective viscosity is never higher 
than that of the corresponding bulk solution, and actually de- 
creases for thinner films. This result is opposite of that pre- 
dicted for Lennard-Jones fluids where the attractive poten- 
tials can lead to viscosities several times that of the bulk fluid 
(Bitsanis et al., 1987, 1988). 

The effective viscosity is additionally lower than qav(h), be- 
cause qef t (h)  relies on values of the local (Stokes-Einstein) 
viscosity evaluated at the smoothed density, which is defined 
to exhibit less pronounced structure than the actual density 
profile (cf. Figure 3). It is interesting that despite the depen- 
dence of qef f (h)  on the smoothed density, it shows more os- 
cillations than qav(h), which depends on the average of the 
full number density profile. To understand this behavior we 
must consider independently the effects of varying total mass 
density and local viscosity with film thickness. This is accom- 
plished by calculating qe**(h) in the model case where the 
micelle and water-specific volumes are the same (Dmlc = D H 2 0  
= 1 X lop3 m'/kg) with the local viscosity given by Eq. 8, and 
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Figure 6. Calculated effective viscosity for a 0.1-M SDS 
micellar film as a function of film thickness. 
The solid line represents the effective viscosity calculated 
from Eq. 9 using either the Tarazona or Bitsanis coarse- 
grained density recipes that superimpose. The dash-dot line 
corresponds to the viscosity calculated from Stokes-Ein- 
stein relation, Eq. 8 using the average micelle number den- 
sity in the film as a function of thickness, in Figure 4. The 
boxes represent thickness regimcs where the film is unsta- 
ble, as evident from positive disjoining pressure slopes in 
Figure 5. 
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Stokes-Einstein relation, using the average m,celle number 
density in the film as a function of thickness, in Figure 4. 

Figure 8. Comparison of calculated effective viscosities 
for two surfactant concentrations. 

The dotted line corresponds to the viscosity calculated from 
viscosities less than qo simply imply that the structuring of 
less dense micelles causes micellar films to thin faster than a 
homogeneous water film at these thicknesses, this despite the 
local viscosity, which is higher in regions of higher micelle 

the case where the specific volumes are different (DmlC = 2.54 
X m3/kg; D H I O  = m3/kg) but the local viscosity is 
set equal to the solvent viscosity (q (x )  = 7'). These model 
cases are presented in Figure 7 together with qav(h). We see 
that the full effective viscosity in Figure 6 is a combination of 
the two cases described earlier, with the varying density giv- 
ing rise to the structural character of qeff(h). The effect of 
the Stokes-Einstein viscosity for these dilute systems is not 
pronounced. It bears noting that in this micellar case the two 
smoothing recipes of Bitsanis et al. (1988) and Tarazona 
(1985) mentioned earlier yield indistinguishable effective vis- 
cosities. 

The boxed regions labeled in Figure 6 correspond to thick- 
nesses where the slope of the disjoining pressure is positive. 
In these regions, the interior layer of micelles is expelled from 
the film, producing a rearrangement of the remaining micel- 
lar layers in the film. The box at h/d - 10 represents the 
transition from five micellar layers to four; the box at h/d - 2 
depicts the expulsion of the last micelle layer. Recall that at 
these thicknesses where dII/dh > 0 the film is thermodynam- 
ically unstable; thus the micellar profiles generated for these 
thicknesses do not represent realizable equilibrium profiles. 
Hence, calculated effective viscosities for these unstable 
thicknesses are likely unreliable, as the film does not thin in 
a plane-parallel manner through these regions. Rather, rapid 
hole-sheeting instabilities commence (JimCnez-Laguna, 1991; 
Bergeron et al., 1992). 

Even in the stable regions, the model displays nonintuitive 
results for the film effective viscosity as evident for h - 2.5 d 
in Figure 6 where qeff(h)/qo falls below unity. As the film 
thins through this region, the average micelle density first in- 
creases sharply (a single number density peak rises and nar- 
rows), resulting in large (negative) derivative term in Eq. 9 
that lowers the value of qeff(h). Subsequent expulsion of the 
last micelle layer decays the derivative term, with the effec- 
tive viscosity approaching that of the solvent. Examination of 
the velocity profiles (Laso, 1993) demonstrates that effective 

densities. Within the effective viscosi& model, the presence 
of less dense micelles enhances film thinning rates. 

Figure 8 compares 0.1-M (a = 0.046) and 0.2-M (@ =: 

0.092) effective viscosities and their corresponding qav( h )  vis- 
cosities. The 0.2-M SDS geff exhibits considerably more 
stxucture than the 0.1-M case, commensurate with the calcu- 
lated micellar profiles. Again, qeff is always less than q,, and 
qeff < qo for small (unstable) thicknesses indicative of faster 
thinning films, as described earlier. The important result is 
that the pronounced micellar structure in the films, arising 
from repulsive electrostatic micelle-micelle interactions, pro- 
duces effective film viscosities that are always lower (by less 
than 10%) than the bulk micellar solution shear viscosity and 
that effective viscosities decrease at smaller film thicknesses. 

Figure 9 compares the effective film viscosities of fluids 
with different particle-to-solvent-specific volumes, but having 
the same underlying repulsive interactions as 0.1-M SIX mi- 
celles depicted in Figures 3-5. Recall that the 0.1-h4 SDS 
case represents particles of lower bulk mass density than the 
suspending solvent, with DHqO/Dmic = 1/2.54. In Figure 9 the 
particles are five times denser than the solvent (Gmic = 5 x 
lop4 m3/kg). The effective viscosity in this case (ijmiC < OH2,) 
is almost a mirror image of the 0.1-M SDS qeff(h), also with 
values below the averaged viscosity, except at the smallest 
thicknesses where qeff rises to - 1.14 q". The reflection of 
qeff(h) results from the increased mass density of the particle 
phase relative to the solvent. Again, qef'(h) is lower than q" 
and qav( h )  for most thicknesses because the interparticle re- 
pulsions keep the mean particle density in the film lower than 
in the bulk, and because qeff relies on the smoothed densities 
rather than the full number density profile. The large peak 
at h / d  - 2 reflects the analogous behavior of the 
ha( p ( x ;  h))/dh term in Eq. 9 described earlier for SDS films. 

When the ratio GH20/Dmic is raised above about 10, the 
effective viscosity shows large, decaying oscillations with film 
thickness not unlike those predicted for Lennard-.Jones 
molecules in a vacuum (Bitsanis et al., 1988), where the cor- 

AIChE Journal July 1996 Vol. 42, No. 7 2011 



1.15 

1.1 

1.05 

0 

$ 1  
F 

0.95 

0 2 4 6 8 10 
h l d  

for two micelle (colloid) specific volumes. 
Figure 9. Comparison of calculated effective viscosities 

The dash-dot line represents much denser material, - five 
times the density of SDS micelles, with Omit = 5 X 
m3/kg. The 0.1-M SDS density profiles in Figures 3 and 4 
were used for both cases, thus presuming the colloid parti- 
cles to interact as SDS micelles. 

responding particle-to-solvent density ratio is infinite. Solu- 
tion volume fractions of even 10% can produce significant 
equilibrium ordering within thin liquid films because ionic 
micelles exhibit large effective sizes that arise from their De- 
bye atmospheres. Film-drainage resistance at the same solu- 
tion volume fractions, however, is not significantly enhanced 
since viscous forces reflect the actual micelle hard-sphere di- 
ameter. 

In Figure 10 we show calculated film thinning curves ob- 
tained by integrating Eq. 10, using our self-consistent disjoin- 
ing pressures and effective viscosities. Here the capillary 
pressure has been set to 0.074 d3/kT,  slightly higher than the 
second maximum at h / d = 4  in nmic (see Figure 5). As in 
Figure 1, we see that the thinning is nonmonotonic and quali- 
tatively very similar to what is observed experimentally 
(Nikolov and Wasan, 1989; Bergeron and Radke, 1992; Sonin 
and Langevin, 1993; Krichevksy and Stavans, 1995) in the 
number of steps, their relative duration, and the thicknesses 
at which they occur. A quantitative comparison with experi- 
ment is not possible because of the overestimation of the dis- 
joining pressures (Pollard and Radke, 1994). The extended 
steplike regions in the curve represent thicknesses where the 
driving force for thinning, the difference between P, and II, 
is relatively small, namely at the local maxima in n(h). The 
transitions between steps correspond to large driving forces, 
where the film passes over the local maximum in the disjoin- 
ing pressure into unstable regions that dip into the attractive 
region as the interior layer of micelles is expelled from the 
film. The three curves in Figure 10 denote results for the two 
effective viscosities with Dmic = 2.54 X 
m3/kg and for the solvent viscosity 7" = 1 mPa.s. Note that 
except in the transition region for 4.5 > h/d  > 3, the curves 
are almost superimposable. In this last transition, the film 
with the very dense particles (Dmic = m3/kg) thins the 
slowest. The SDS micellar film thinning is quite close to the 
water viscosity result, clearly demonstrating that micelles, al- 
though structured within the film, do not contribute appre- 
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Comparison of calculated thinning curves for 
an 0.1-M SDS foam film using various effec- 
tive viscosities. 
The film is subject to an imposed capillaly pressure just 
above the second maximum in the disjoining pressure in 
Figure 5. 

ciably to the viscous resistance of the film. Our ability to cap- 
ture the same effects observed experimentally indicates that 
the driving force for the stepwise thinning is the oscillatory 
disjoining pressure, not anomalous viscosity effects of the mi- 
cellar fluid in the film. Use of the homogeneous micellar so- 
lution viscosity is quite adequate for descriptions of the dy- 
namics of ionic micellar films. 

Conclusions 
We have extended the LADM of Bitsanis et al. (1987) for 

squeeze-tlow effective viscosities of molecular fluids (Bitsanis 
et al., 1988) to ionic micellar films, incorporating the solvent 
appropriately into the hydrodynamic analysis. We employ our 
previously presented DFT micellar profiles and disjoining 
pressures (Pollard and Radke, 1994), also using Tarazona 
smoothing (Tarazona, 1985) for the local shear viscosities. A 
simple Stokes-Einstein relation relates the coarse-grained 
density to the shear viscosity; it is adequate for the low micel- 
lar volume fractions of interest. Calculated micellar film ef- 
fective viscosities are generally less than that of the bulk mi- 
cellar solution due to the electrostatic repulsions between the 
charged micelles. For these dilute systems, the effect of the 
densities of the particle and solvent phases plays a more im- 
portant role than the Stokes-Einstein local viscosities. The 
model displays initially nonintuitive results of effective vis- 
cosities less than the solvent viscosity, at very small film 
thicknesses, that indicate faster thinning of micellar films rel- 
ative to homogeneous aqueous films. Calculated thinning 
curves closely resemble experimental observations in the 
stepwise thinning behavior, displaying decreasing slopes and 
increased step durations at later times. 

The main conclusion of the calculation is that although 
ionic micelles are predicted to structure within the film from 
our DFT model, micellar layering does not lead to a signifi- 
cant change in the film's viscous resistance. This conclusion is 
consistent with ESR data (Povich and Mann, 1973) and 
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light-scattering measurements (Krichevsky and Stavans, 1995) 
of ionic micellar films, as well as surface forces viscosity mea- 
surements for pure fluids (Israelachvili, 1986). We have thus 
successfully linked our DFT-calculated micellar profiles and 
disjoining pressures with continuum hydrodynamic analyses 
for hole formation, expansion, and film drainage (Bergeron 
et al., 1992). 
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Notation 
r =  general coordinate variable, m 
R = disk radius, m 
x = position normal to the film interfaces measured from one 

noLvo ( h )  = DLVO wall-wall contribution to the disjoining pressure, 
of the interfaces, m 

Pa 
II,,,(h) = micellar contribution to the disjoining pressure, Pa 

p= bulk mass or number density, kg/m3 or m - 3  
p(r )  = smoothed or coarse-grained number density distribu- 

tion, m-3 
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